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It is shown that PG(4, 9) contains a non-classical 10-arc. It is the first example of a 
(q + 1)-arc of PG(n, q), (q odd, 2 ~< n ~< q. -  2), which is not a normal rational curve. Various 
properties of the arc are also derived. 
1. Introduction 
This paper is mainly concerned with the properties of certain sets of points in 
PG(4, 9). (PG(r, q) is the projective geometry of dimension r over the Galois 
field GF(q) of order q.) These sets, called 10-arcs, have the property that each 
subset of five points is linearly independent. That is, it generates the whole of 
PG(4, 9). We classify the 10-arcs into two types, classical and non-classical, and 
then deduce the new non-classical rc's properties. All 9-arcs of PG(3, 9) are also 
classified: they are embeddable in a normal rational curve of PG(3, 9) or are 
complete. The full group of collineations of PG(4, 9) fixing the non-classical 
10-arc is found to be isomorphic to LF(9), the group of linear fractional 
transformations of GF(9) tO {~}. It acts as a sharply 3-transitive group on the 10 
points. Thus the full group of the non-classical 10-arc is half the size of the group 
of the classical 10-arc of PG(4, 9). 
The non-classical 10-arc of PG(4, 9) is the first example of a (q + 1)-arc of 
PG(r, q), where q is odd and 2 ~< r ~< q -2 ,  that is not a normal rational curve. 
For the reader who is not fully conversant with the theory of k-arcs a brief 
resum6 is now given. A k-arc of PG(r, q) is a set of k points, no r,+ 1 in a 
hyperplane (k I> r + 1). Segre [8] posed the problem, firstly to find the maximum 
value kr, q, of k for which k-arcs in PG(r, q) exist, (r, q fixed), and secondly to 
classify the maximal k-arcs, once  kr, q is known. If r = 1, then kl,q =q + 1 and 
every (q + 1)-arc is trivially the whole line. If r > q - 2 then kr, q = r + 2 and every 
maximal arc is just a basis. For the remaining values 2 ~< r <~ q-  2, the normal 
rational curves (={(1, x, x2 , . . . , x~) lxeGF(q)}tO{(0 ,0 , . . . ,1 )} )  are ex- 
amples of (q + 1)-arcs. Hence k,,q I> q + 1 for these values [8]. It has been a 
major problem since Segre's work to find examples of k-arcs in PG(r, q), where 
2 ~< r ~< q - 2, k I> q + 1, which are not normal rational curves. Such arcs are 
called non-classical rcs. A very useful concept in the theory of k-arcs is that of 
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orthogonal duality. (See [3] for proofs of the properties that we assume here.) 
The duality transformation d takes a k-arc of PG(r, q) to a k-arc of PG(k - r - 
2, q). (Assume 2 ~< r ~< q - 2 from now on.) 
It takes a normal rational curve to a normal rational curve and therefore a 
non-classical arc to a non-classical arc. Hence, in the problem of constructing 
non-classical k-arcs it is only necessary to consider spaces up to dimension about 
q/2. For q odd and for q even the history of k-arcs is substantially different. For q 
even, there are many examples of maximal non-classical (q + 2)-arcs in PG(2, q) 
and by orthogonal duality in PG(q - 2, q) [4]. In PG(3, q) there are non-classical 
(q + 1)-arcs but they are all classified [1]. (And we know about PG(q - 3, q) and 
PG(q - 4, q) by orthogonal duality.) In PG(4, q), q even, every (q + 1)-arc is a 
normal rational curve and q + 1 is maximal [2]. Hence, by orthogonal duality 
every (q + 1)-arc of PG(q -  5, q) is a normal rational curve. For dimensions 
r i> 5, q even and not too large, the problem is unsolved. However, in a recent 
paper [3], it is shown that for fixed dimension r, if q is large enough, then 
k,.,q = q + 1 and every (q + 1)-arc is classical. For q odd, Segre showed that every 
(q + 1)-arc of PG(2, q) is classical [7] and that every (q + 1)-arc of PG(3, q) is 
classicai [8]. By orthogonal duality the (q + 1)-arcs of PG(q - 3, q) and PG(q - 
4, q) are also classical. Also, when the dimension r is fixed, and when q is large 
enough, every (q + 1)-arc is classical and kr, q = q + 1 [9]. In the case of q odd, 
notice that no non-classical (q + 1)-arcs had been constructed before this paper. 
By building up a table of the decided values of r and q it was realized that 
PG(4, 9) was the smallest unsolved case for q odd. In that case ,  k4, 9 = 10, because 
if an l l-arc of PG(4, 9) existed then each projection from a point of it would be a 
normal rational curve. Then by results of [3] we would get a contradiction. Now 
the projection of a 10-arc of PG(4, 9) from two of its points to a plane, is an 8-arc 
of PG(2, 9). Fortunately these 8-arcs were classified in [6] and so it was possible 
to build up the non-classical 10-arc from the complete 8-arc of PG(2, 9). Later, 
the full group of automorphisms and finally the 'easy' equations for the 10-arc 
were found. 
2. Construction and uniqueness 
In this section the non-classical 10-arc of PG(4, 9) is constructed and found to 
be unique. Also the 9-arcs of PG(3, 9) are classified. (There are two types, one 
contained in a normal rational curve, and one complete.) 
Let K be any 10-arc of PG(4, 9) and let P and Q be two distinct points of K. 
Projecting K from P and then Q we obtain successively a 9-arc of PG(3, 9) and 
then an 8-arc of PG(2, 9). In [6], Hirschfeld classifies the 8-arcs of PG(2, 9): they 
are those contained in a conic, (i.e., a normal rational curve of the plane), and 
those which are complete, (i.e., they are not contained in a 9-arc of PG(2, 9)). 
Two 8-arcs which belong to one of these classes are homographicaUy equivalent. 
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(There exists a linear collineation taking one to the other.) Also, he gives the 
number of complete 8-arcs in PG(2, 9). Since the author has a formula for the 
number of 8-arcs in any finite projective plane of order q, we can double-check 
that Hirschfeld's calculations are correct. The number of 8-arcs, (As, 3rq], in a 
projective plane ~rq of order q is, (see [5]): 
(As, ~rq] = (q2 + q + 1)(q + 1)q3(q - 1)2(q - 5) 
× (q7 _ 43q6 + 788q5 _ 7937q4 
+ 47097q 3- 162834q 2 + 299280q - 222960)/8! 
+ (83, :rq] - (q2 _ 20q + 78)(73, ~rq], 
where (83, ~rq] is the number of configurations in ~rq of type 83, and (73, ~rq] is the 
number of Fano configurations 73 in ~rq. (See Fig. 1. Notice that 83 is AG(2, 3) 
minus a point, and that 73 is the projective plane PG(2, 2) of order 2.) 
Now in the Desarguesian plane PG(2, 9) over GF(9), there holds (73, ~9] = 0 
and (83, ~rg] = 91- 10- 93. 82/48. (73 is not a subplane of PG(2, 9) and every 83 is 
contained in a unique sub-PG(2, 3).) Hence, substituting q = 9 in the above 
formula, we obtain the exact value of (A8, PG(2, 9)]. Hirschfeld ([6], Table 
14.11), gives the number of 8-arcs contained in conics of PG(2,9), 
24. 34. 5 • 7.13, and the number of complete 8-arcs of PG(2, 9), 24. 36. 5 • 7" 13. 
The sum of these two checks with that obtained above. 
Now consider the 10-arc K of PG(4, 9) again. If K is classical, (a normal 
rational curve), then every projection from two of its points will be a 
non-complete 8-arc of PG(2, 9) contained in a conic. On the other hand, if K is 
non-classical then there are many projections from two points which are complete 
8-arcs. For if the projections from {P, Q}, and from {P, R} are both contained in 
normal rational curves, then the orthogonal dual K d would be a 10-arc of 
PG(4,9) containing three points pd, Qd and R d such-that Kd\{P d, Qd} and 
Kd\{P d, R d) are contained in normal rational curves, which must be the same 
curve since in general, an (r + 3)-arc is contained in a unique normal rational 
curve of PG(r, q). Thus g d would be a normal rational curve and so K would also 
be a classical curve. Therefore, all projections from two points of a non-classical 
7 3 
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arc are complete 8-arcs of PG(2, 9), except he projections from up to 5 different 
disjoint pairs of points of the 10-arc. 
We assume that PG(4, 9) is coordinatized with homogeneous (row or column) 
vectors (x0, xl, x2, x3, X4) over  GF(9), where GF(9) = GF(3)[a], 0 -2 = a + 1. Let 
P and Q be two points of K for which the projection is the complete 8-arc of 
PG(2, 9). Then we may assume that this plane has equation x3 = x4 = 0 and that 
P = (00010) and Q = (00001). By using a collineation of PG(4, 9) fixing P and Q 
we may also assume that K is given by the columns of the following matrix, where 
i, j, k, l, i', j ' ,  k', l' e GF(9). (See [6], p. 413 for the complete 8-arc of PG(2, 9).) 
- 1 0 0 0 0 1 1  1 1 1- 
0 1 0 0 0 1 0-5 0-4 0- 0.2 
0 0 1 0 0 1 0 .4 0- 0 .3 0-5 
0 0 0 1 0 1  i ] k l 
0 0 0 0 1 1  i' j '  k' l' 
if Now K is a 10-arc and only if every square submatrix of the 5 x 5 matrix A is 
non-singular, where A is given by the last five columns above. By doing a 
complete search (by hand), filling out possible values of i, j, k, l e GF(9)\ 
{0} successively, and checking 2 x 2, 3 x 3 and 4 x 4 subdeterminants, it was 
found that (i, j, k, l) = (o, 0-7, 0-6, 0-4) or  (0 "3, 0-6, 0-4, 0-). By reasons of symmetry 
this meant that (i', j ', k', l') = (o 3, 0-6, 0.4, 0-) or  (0-, 0-7, 0.6, 0-4) respectively, and 
it was then checked that the matrix A following did in fact have every square 
sub-determinant on-zero. Thus there is a unique non-classical 10-arc of PG(4, 9) 
(Reversing the last two rows of A corresponds to a up to homographies. 
homography of PG(4, 
-1 1 
1 05 
A = 1 0-4 
1 0- 
1 05 
B 
9).) 
1 1 1- 
0-4 0- 0.2 
0- 0-3 0.5 
0-7 0-6 0-4 
06 0-4 0- 
m 
Since the orthogonal dual of the non-classical 10-arc of PG(4, 9) must be 
homographicaUy equivalent o itself then it could be hoped that the matrix A 
could be made symmetric by some elementary row and column operations. In 
fact, by moving the second row of A to between the fourth and fifth rows, and 
then permuting 
matrix B. 
-1 
1 
B= 1 
1 
1 
n 
This provides a 
the last two columns of the matrix, we obtain the symmetric 
1 1 1 1- 
0 -4 0 0 5 0  -3 
O 0 .7 04 0 .6 
05 o4 o 2 a 
0 -3 0 .6 0 0 -4 
1 
quick verification that the non-classical 10-arc is self-dual. 
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Now we consider for the moment he situation of 9-arcs in PG(3, 9). There are 
the 9-arcs contained in a unique 10-arc of PG(3, 9), which is a twisted cubic 
(classical). These are all equivalent (because the group of automorphisms of the 
twisted cubic is transitive on the points). Any other 9-arcs must be complete. The 
automorphism group of the incomplete 9-arc is 2-transitive on its points, (as the 
group of the twisted cubic is 3-transitive), and each projection from a point is an 
8-arc of the plane contained in a conic. Hence the calculations indicated above 
give as a bonus a classification of the complete 9-arcs of PG(3, 9). A complete 
9-arc of PG(3, 9) is homographically equivalent to the columns of at least one 
of the following matrices: 
:] 1 0 0 0 1 1 1 1 1 1 0 0 0 1 1 1 1 1 1 0 0 1 o5 0-4 0- 0-2 1 0 0 1 o5 0-4 0- 0 1 0 1 0-4 0- 03 0-5 , 0 1 0 1 0-4 0- 0-3 
0 0 1 1 0- 0-7 0-6 0- 0 0 1 1 03 0-6 0-4 
In the next section we shall find the full group of automorphisms of the 
non-classical 10-arc of PG(4, 9). We shall show that it is sharply 3-transitive on 
the points of the arc. Hence each projection from a point of the 10-arc to 
PG(3, 9) is in fact equivalent by a collineation. Thus, up to collineations, there is 
but one complete 9-arc of PG(3, 9). We can show that this is also true up to 
homographies by using the results of the next section. 
3. Automorphisms 
Let the points of the non-classical 10-arc K of PG(4, 9) be given by the columns 
of the following matrix. (We use the matrix B of Section 2.) Let P/be the point 
corresponding to column i. 
-1 0 0 0 0 1 1 1 1 1- 
0 1 0 0 0 1 o 4 0- 03 03 
0 0 1 0 0 1 0 0 -7 0 -4 0-6 
0 0 0 1 0 1 0"50-40"20-  
0 0 0 0 1 1 030-60-0 -  4 
Consider the following coUineations of PG(4, 9). 
lxll (x2 I X 2 ~X 5 
0~" X 3 ~ OX 3 , 
X4 05X1 
x5 \03x,I 
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Xl o- x3 - [ 1 0 x2 0 0 /I: o7 0 
x4 <T4 CT7 
x5 d 0 
Xl 0 1 
x2 0 0 a3 y: x3 I+ [ 0 a6 
x4 a6 0 
X5 0 CT4 
0 a2 0 x; 
0 0 0 x; 
0 0 CT7 4 
0 0 
a7 0 10 
0 4 
0 2 
One may check that ar, fi and y correspond to the following permutations of the 
0 0 0 Xl 
0 c7 0 x2 
0 0 05 x3 , and 
0 0 0 x4 
cJ3 0 0 lo xg 
points of K. 
Now consider the following correspondence 
elements of GF(9) U {m} . 
between the points of K and the 
pl p2 p3 fi fi p6 p7 83 6 &I 
(T CT7 1 a6 0 a2 cJ4 a3 a5 03 
Then a’, /3’ and y’ correspond to the following linear fractional mappings of 
GF(9) U (00) to itself. 
d’: x - $t:f, (det(n”)=lT ~~=c?isaquare), 
p”: x I-+ -x + 1, (det@“)=I-i iI=-l=disasquare), 
y”: x - o:+‘z, (det(y”) = 1 T 51 = d-is a non-square). 
To show that a”, /3” and y’ generate the full linear fractional group LF(9), 
enough to show that G ’ = (a’, /3’, y’) acts 3-transitively on K, (as LF(9) 
sharply 3-transitive group on GF(9) U {a}). Thus G ’ is transitive on K, as 
it is 
is a 
K = {& 83) u (4, p2, fi, fi} u {p,, P,) u {?S, P,} u (6, p6, 6, f-b}, 
which are intersecting orbits of y’, LY’, /3’, y’ and or’ respectively. The subgroup 
of G’ fixing PI0 is transitive on K \ {Plo} since it contains p’ and 
x = (a’)“y’(a’>-’ = (p,p,p,p,p,p,p,p,)(P,)(p,,), 
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and since 
K \  {Pxo} = {Ps, P3} U {P3, Pm, P6, Ps, P7, P9, P4, P2}, 
(orbits of f l '  and x respectively). Therefore G'  is 2-transitive on K. Finally the 
subgroup of G' fixing P5 and Px0 contains x, and so is transitive on the remaining 
points of K. Hence G'  is 3-transitive. 
Since G'  = G" and G" is a subgroup of LF(9), which acts sharply 3-transitively 
on GF(9) LI {o0}, this shows that G'  ~- G" = LF(9), (which has order 720). Note 
that the automorphic (not homographic) collineations of G correspond to the 
transformations of LF(9) with non-square determinants and that these are also 
the odd permutations in G' on the ten points of K. 
To show that G is the full group of collineations fixing K, we consider the 
projection of K from {Ps, Ps} to the plane xs = xs = O. This gives the complete 
8-arc of Hirschfeld ([6], p. 413). Now he calculates that the full group of 
homographies of the plane, fixing the 8-arc, is isomorphic to /)4, (the set of 8 
symmetries of a square). Hence the full group of the 8-arc is of order 16, since the 
complete 8-arc is unique up to homographies. Thus the full group of K is at most 
(x2°) x 16-  720. Hence G is its full group. Note that the collineations of G fixing 
two points of K, (as a set), induce the full group of the 8-arc when we project 
from the two points. 
The next important hing to notice is that there is a unique point of PG(4, 9) 
fixed by every element of G. It is 
N = (1, o~, O, 1, e6). 
When we project K from N to a hyperplane H not containing N, we obtain an 
elliptic quadric of a sub-PG(3, 3) of the PG(3, 9). (In the next section we can 
show this by using the 'easy' equations for the non-classical rc.) Since the group 
of homographies of PG(3, 3) fixing an elliptic quadric is isomorphic to LF(9), it is 
clear that each of these homographies extends to a collineation of G, with the 
odd permutations on the elliptic quadric turning into automorphic collineations of 
PG(4, 9). 
4. The easy equations 
We have seen that the non-classical 10-arc K of PG(4, 9) has a sharply 
3-transitive collineation group and that this group fixes a unique point N not in 
the arc. The projection of K from N to a hyperplane PG(3, 9) is an eUipitic 
quadric of a sub-PG(3, 3) of the PG(3, 9). Surprisingly, these properties are Shared 
by the dassical normal rational curve of PG(4, 9), except hat its full automorph- 
ism group is twice as large. If we let the normal rational curve be 
{(1, x, x 2, x 3, x 4) [ X E GF(9)} t.J {(0, 0, 0, 0, 1)}, then its group of automorphisms 
fixes the point (0, 0, 1, 0, 0), and the projection from (0, 0, 1, 0, 0) is an elliptic 
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quadric of PG(3, 3). It is notable that {(1, X, X q, X q+l) I X E GF(q2)} U 
{(0, 0, 0, 1)} is always an elliptic quadric of a sub-PG(3, q) of PG(3, q2). In fact 
the sphere in real 3-space may be represented by a curve in complex 3-space: 
{(1, x, ~, x~) Ix E C} U {(13, 0, 0, 1)}, where ~ denotes complex conjugation. 
Another point to note is that the group of a normal rational curve in 
n-dimensional space of characteristic p fixes a point if and only if n = 2(p ~ - 1), 
for some integer o:. The case pertinent o this paper is n = 4, p = 3, a: = 1. We 
leave these details as exercises for the reader as they are not essential to the 
present paper. 
Let N=(0 ,0 ,  1,0, 0). Then, from the above remarks we see that the 
non-classical 10-arc K of PG(4, 9) is given by {(1, x, x 2 +f (x) ,  x 3, x 4) I x 
GF(9)} U {(0, 0, 0, 0, 1)}, where f (x )  is some function of GF(9) to itself. By using 
the properties of the group of automorphisms of K it is calculated that K is the set 
of points 
{(1, X, X 2 + nx 6, X 3, X4) Ix E GF(9)} U {(0, 0, 0, 0, 1)}, 
where n is a non-square of GF(9). Once we are given these equations it is 
straight-forward to show that it has a sharply 3-transitive group of collineations 
induced by those of the elliptic quadric of PG(3, 3). We omit this but instead give 
a short proof that every five distinct points of K\{(0, 0, 0, 0, 1)} are linearly 
independent. 
Let I1, a(xi) , b(xi)  , c(xi) , d(xi)  [ denote the determinant of the matrix with ith 
row (1, a(xi), b(xi), c(xi), d(xi)), where a, b, c, d are functions of GF(9), and 
x~ ~ GF(9), i = 1, 2, 3, 4, 5. Then five distinct points of K are linearly dependent if
and only if for distinct xl, x2 , . . . ,  xs e GF(9), there holds 
6 3 I i ,xi, xZi + nxi, xi, 
3 Ii, xi, xL x,,  
3 I1, Xi, X2, X i ,  
3 X 6, Xi ' I1, Xi ,  
3 II, xi, x6, x, ,  
n 4 = 1, 
xll =0 
6 , x41 x/4l = -n  11, xi, xi, xi, 
= 6 ' x I l '  x~l' -n  ~ I1, x,, x,, x,, 
x~l x~l = -n  311,  xL x,, x,, 
xal - -n3 ll, xi, xi, xi, 
(1) 
-(2) 
(using (1) and (2) and noticing that [1, x,, x2i, x 3, x~l ~ 0 because of the normal 
rational curve or Vandermonde's determinant). 
But n 4 -  -1  because n is a non-square of GF(9). Thus a contradiction is 
obtained. 
5. More properties 
Here we briefly mention some further properties of the non-classical 10-arc. 
(a) If we let P be any point of the non-classical 10-arc K and if we project K 
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from P to a PG(3, 9) skew to P, then we obtain the complete 9-arc of PG(3, 9). It 
can be checked that this 9-arc is contained in a unique elliptic quadric of 
PG(3, 9). 
(b) Consider the Klein quadric ~5 :XoXl + x2x3 + x4x5 = 0 of PG(5, 9). We 
embed K in ~5 as follows. Let N be any point of ~5 and let :r = PG(4, 9) be the 
polar 4-space of N with respect o ~5. Then :r n ~5 is a quadric cone with vertex 
N and hyperbolic quadric base ~3 in a PG(3, 9) of :r skew to N. Let ~ be an 
elliptic quadric of a sub-PG(3, 3) of the PG(3, 9) that extends to the hyperbolic 
quadric. Then there is a non-classical 10-arc K lying on the cone with vertex N 
and base ~ and hence in :r n ~5. Using the Plticker correspondence b tween the 
points of ~5 and the lines of PG(3, 9), K corresponds to a set 5e(K) of 10 lines of 
PG(3, 9) which all intersect a line l(N) corresponding to N. Furthermore, every 
pair of lines in ~(K) are skew, no four are in a regulus, and no five intersect a
line other than l(N) or are in a regular spread. Notice that the classical 10-arc of 
PG(4, 9) yields a similar set of lines. 
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